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1. Introduction
Zieschang [Z, Chapter 5] introduced the notion of (combinatorial) morphisms for association
schemes. Although morphisms of association schemes have very nice properties and play an im-
portant role in the study of algebraic structures of association schemes, they may not induce algebra
homomorphisms between the scheme rings of association schemes. The main purpose of this arti-
cle is to present a necessary and suﬃcient condition under which a morphism between association
schemes induces an algebra homomorphism between their scheme rings. To do this, we will also need
to study scheme ring homomorphisms of naturally valenced association schemes.
Let us ﬁrst state some necessary deﬁnitions. Most of our notation and terminology stems from the
book of Zieschang [Z]. Let X be a set, and S a partition of X × X . Then S is called an association
scheme on X if the following properties hold:
(i) 1X ∈ S , where 1X := {(x, x) | x ∈ X}. (Usually we simply denote 1X by 1.)
(ii) For any s ∈ S , s∗ is also in S, where s∗ := {(y, z) | (z, y) ∈ s}.
(iii) For any p,q, r ∈ S , there exists a cardinal number apqr such that for any (y, z) ∈ r, |{x ∈ X |
(y, x) ∈ p and (x, z) ∈ q}| = apqr .
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for any nonempty subset T of S , the valency of T is deﬁned by nT :=∑s∈T ns . A nonempty subset T
of S is called naturally valenced ([Z], p. 63) if every element of T has ﬁnite valency.
Deﬁnition 1.1. (See [Z, p. 83].) Let (X, S) and ( X˜, S˜) be association schemes. A (combinatorial) mor-
phism from (X, S) to ( X˜, S˜) is a map φ : X ∪ S → X˜ ∪ S˜ such that
(i) φ(X) ⊆ X˜ and φ(S) ⊆ S˜ , and
(ii) for any x, y ∈ X and s ∈ S with (x, y) ∈ s, (φ(x),φ(y)) ∈ φ(s).
Let φ : (X, S) → ( X˜, S˜) be a morphism of association schemes. Then φ(1X ) = 1 X˜ , and for any s ∈ S ,
φ(s∗) = φ(s)∗ . The kernel of φ is deﬁned by
kerφ := {s ∈ S ∣∣ φ(s) = 1 X˜}.
Furthermore, if φ is bijective, then we say that φ is an isomorphism, (X, S) and ( X˜, S˜) are isomorphic,
and denote (X, S) ∼= ( X˜, S˜).
Let S be an association scheme on a set X . Then for any p,q ∈ S , let pq := {r ∈ S | apqr = 0},
and for any nonempty subsets P and Q of S , let P Q := {r ∈ S | there exists p ∈ P and q ∈ Q such
that apqr = 0}. For any s ∈ S and any nonempty subset P of S , we will write {s}P as sP , and P {s}
as P s. Let T be a nonempty subset of S . Then T is called a closed subset of S if T ∗T ⊆ T , where
T ∗ = {t∗ | t ∈ T }. If X is a ﬁnite set, then T is a closed subset of S if and only if T T ⊆ T . If T is a
closed subset of S , and for any s ∈ S , sT = T s, then T is called a normal closed subset of S . For any
morphism φ : (X, S) → ( X˜, S˜) of association schemes, kerφ is a closed subset of S; but kerφ may not
be normal.
Let (X, S) be an association scheme, and T a closed subset of S . For any x ∈ X , let xT :=
{y ∈ X | (x, y) ∈ s for some s ∈ T }. Deﬁne txT := t∩ (xT × xT ), ∀t ∈ T , and TxT := {txT | t ∈ T }. Then TxT
is an association scheme on xT (see [Z, Theorem 2.1.8]), called the subscheme of S deﬁned by xT (see
[Z, p. 22]). Furthermore, let X/T := {xT | x ∈ X}. For any s ∈ S , deﬁne sT := {(yT , zT ) | (y, z) ∈ s}, and
deﬁne S//T := {sT | s ∈ S}. If S is naturally valenced and T is a ﬁnite closed subset of S , then S//T is
an association scheme on X/T (see [Z, Theorem 4.1.3]), called the quotient scheme of S over T (see [Z,
p. 65]).
For the rest of the paper we will always assume that the association schemes in the discussion
are naturally valenced. Scheme rings are deﬁned for association schemes of ﬁnite valencies in [Z,
Section 9.1]. But this deﬁnition also works for naturally valenced association schemes. Let (X, S) be a
naturally valenced association scheme. Let C be the ﬁeld of complex numbers, and CX the C-space
with basis X . For any s ∈ S , similar to [Z, Section 9.1], deﬁne σs ∈ EndC(CX) by
σs(x) :=
∑
(y,x)∈s
y, ∀x ∈ X .
Note that since S is naturally valenced, σs is well deﬁned. Furthermore, for any p,q, r ∈ S , apqr is
ﬁnite, and similar to [Z, Lemma 9.1.1(i)], σpσq =∑r∈S apqrσr =∑r∈pq apqrσr . For any nonempty subset
T of S , let σT := {σs | s ∈ T }, and CT the C-space with basis σT . Then CS is a subring of EndC(CX),
called the scheme ring of the association scheme (X, S). Note that σ1 is the identity element of CS .
For any closed subset T of S , CT is a subring of CS , called a scheme subring of CS .
Deﬁnition 1.2. Let (X, S) and ( X˜, S˜) be naturally valenced association schemes and φ : (X, S) → ( X˜, S˜)
a morphism. If there is an algebra homomorphism ϕ : CS → C S˜ such that
ϕ(σs) = ns
n
σφ(s), ∀s ∈ S,
φ(s)
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scheme rings CS to C S˜ .
Note that a morphism from naturally valenced association schemes (X, S) to ( X˜, S˜) may not in-
duce an algebra homomorphism from scheme rings CS to C S˜ . However, it is well known that an
isomorphism between (naturally valenced) association schemes always induces an isomorphism be-
tween their scheme rings.
Now we introduce the concept of a scheme ring homomorphism.
Deﬁnition 1.3. Let (X, S) and ( X˜, S˜) be naturally valenced association schemes, and let T , T˜ be closed
subsets of S and S˜ , respectively. A map ϕ : CT → CT˜ is called a scheme ring homomorphism if the
following properties hold:
(i) ϕ : CT → CT˜ is an algebra homomorphism.
(ii) ϕ(σ1) = σ1˜ , the identity element of C S˜ , and for any s ∈ T , ϕ(σs) is a positive scalar multiple of
some element in σT˜ .
Deﬁnition 1.3 is similar to the deﬁnition of a C-algebra homomorphism in [BI, p. 149]. In their book
[BI], Bannai and Ito used C-algebras as a tool to study the algebraic properties of association schemes.
For a commutative association scheme (X, S) of ﬁnite valency, the scheme ring CS together with the
distinguished basis σS is a C-algebra. Another similar deﬁnition of a C-algebra homomorphism can
be found in [B].
Let (X, S), ( X˜, S˜) be naturally valenced association schemes, and T , T˜ closed subsets of S and S˜ ,
respectively. Let ϕ : CT → CT˜ be a scheme ring homomorphism. If ϕ is injective (surjective, bijective,
resp.), then we say that ϕ is a scheme ring monomorphism (epimorphism, isomorphism, resp.). If ϕ is
a scheme ring isomorphism, then we say that CT and CT˜ are scheme ring isomorphic, and denote
CT ∼=s CT˜ . If ϕ is an isomorphism such that ϕ(σT ) := {ϕ(σs) | s ∈ T } = σT˜ , then we say that ϕ is an
exact scheme ring isomorphism, CT and CT˜ are exactly isomorphic, and denote CT ∼=x CT˜ . If both T
and T˜ are of ﬁnite valencies and CT ∼=s CT˜ , then CT ∼=x CT˜ by Corollary 2.5 in Section 2.
One of our main results of the paper is the following
Theorem 1.4. Let (X, S) and ( X˜, S˜) be naturally valenced association schemes, and φ : (X, S) → ( X˜, S˜) a
morphism such that kerφ is a ﬁnite subset of S. Then φ induces a scheme ring homomorphism ϕ : CS → C S˜
if and only if the following two conditions are satisﬁed.
(i) kerφ is a normal closed subset of S.
(ii) For any s ∈ S, nφ(s) = nsT , where T = kerφ .
We will prove Theorem 1.4 in Section 3. Theorem 1.4 has a few interesting corollaries. We will
present these corollaries in Section 3. Let (X, S) and ( X˜, S˜) be naturally valenced association schemes,
and φ : (X, S) → ( X˜, S˜) a morphism such that kerφ is a ﬁnite subset of S . Then φ induces a morphism
φ¯ : (X/kerφ, S//kerφ) → ( X˜, S˜) (see Section 3 below for the details). However, φ¯ is not necessarily
injective. (See Example 3.11 in Section 3 below for such an example.) If for any s ∈ S , nφ(s) = nsT ,
where T = kerφ, then φ¯ is injective (see Lemma 3.1(iii) in Section 3). The next corollary can be
regarded as a generalization of this result.
Corollary 1.5. Let (X, S), ( X˜, S˜) be naturally valenced association schemes, and φ : (X, S) → ( X˜, S˜) a mor-
phism such that kerφ is a ﬁnite subset of S. Let T = kerφ . Then the following are equivalent.
(i) For any s ∈ S, nφ(s) = nsT .
(ii) φ(S) is a closed subset of S˜ , and for any x ∈ X, φ induces an isomorphism
φ¯′ : (X/T , S//T ) ∼= (φ(x)φ(S),φ(S)φ(x)φ(S))
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Let φ : (X, S) → ( X˜, S˜) be a morphism of naturally valenced association schemes such that kerφ is
a ﬁnite subset of S and φ(S) is a closed subset of S˜ . Example 3.10 in Section 3 indicates that it is not
necessarily true that (X/kerφ, S//kerφ) ∼= (φ(x)φ(S),φ(S)φ(x)φ(S)) for some x ∈ X .
In Section 2 we study scheme ring homomorphisms. Using the properties obtained in Section 2,
we will prove Theorem 1.4 and its corollaries in Section 3.
2. Scheme ring homomorphisms
In this section we study the basic properties of scheme ring homomorphisms. Although these
properties hold for the common algebraic structures, they are not trivial for the scheme rings of
naturally valenced association schemes.
Let (X, S) be a naturally valenced association scheme. If S is of ﬁnite valency, then the scheme ring
CS and the Bose–Mesner algebra of (X, S) are identical. As generalizations of scheme rings and Bose–
Mesner algebras of association schemes of ﬁnite valencies, table algebras have interesting applications
to association schemes. For the deﬁnition of a table algebra, the reader is referred to [BZ, Deﬁni-
tion 1.1]. For any table algebra (A,B), there is a unique algebra homomorphism || : A → C such that
|b| > 0 for all b ∈ B (see Proposition 3.12 and Theorem 3.14 of [AFM]). This algebra homomorphism
|| : A → C is called the degree map of (A,B). Note that for any b ∈ B, |b| = |b∗| (see Theorem 3.14
of [AFM]). A table algebra (A,B) is called standard if for all b ∈ B, |b| = λbb∗1 (see Deﬁnition 1.2
of [BZ]). Let (X, S) be a naturally valenced association scheme, and T a ﬁnite closed subset of S . Then
the scheme subring CT together with its distinguished basis σT is a standard table algebra, and its
degree map is deﬁned by σs → ns , ∀s ∈ T . In particular, if (X, S) is an association scheme of ﬁnite
valency, then the scheme ring CS together with the distinguished basis σS is a standard table algebra.
The next lemma is an immediate consequence of [AFM, Theorem 3.14].
Lemma 2.1. Let (X, S) be a naturally valenced association scheme, and T a ﬁnite closed subset of S. Then for
any s ∈ T , ns = ns∗ .
The next easy lemma is very useful.
Lemma 2.2. Let (X, S) and ( X˜, S˜) be naturally valenced association schemes, T and T˜ closed subsets of S
and S˜ , respectively, and ϕ : CT → CT˜ a scheme ring homomorphism. If T is a ﬁnite closed subset of S, then
for any s ∈ T , there is s˜ ∈ T˜ such that
ϕ(σs) = ns
ns˜
σs˜.
Proof. By [Z, Lemma 1.1.3(iv)], the map ν˜ : CT˜ → C deﬁned by ν˜(σs˜) = ns˜ , for any s˜ ∈ T˜ , is an algebra
homomorphism. Assume that T is a ﬁnite closed subset of S . Then (CT , σT ) is a table algebra, and
ν˜ϕ : CT → C is a degree map. Note that ν : CT → C deﬁned by ν(σs) = ns , for any s ∈ T , is also a
degree map. But (CT , σT ) has a unique degree map by [AFM, Theorem 3.14]. So ν = ν˜ϕ . Hence the
lemma holds. 
Let (X, S), ( X˜, S˜) be naturally valenced association schemes, and ϕ : CS → C S˜ a scheme ring
homomorphism. For any nonempty subset T of S , deﬁne
ϕ(T ) := {s˜ ∈ S˜ ∣∣ σs˜ is a positive scalar multiple of ϕ(σs) for some s ∈ T },
and for any nonempty subset T˜ of S˜ , deﬁne
ϕ−1(T˜ ) := {s ∈ S ∣∣ ϕ(σs) is a positive scalar multiple of σs˜ for some s˜ ∈ T˜ }.
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homomorphism. Then the following hold.
(i) For any s ∈ S, if ϕ(σs) is a positive scalar multiple of σs˜ for some s˜ ∈ S˜ , then ϕ(σs∗ ) is a positive scalar
multiple of σs˜∗ .
(ii) If T is a closed subset of S, then ϕ(T ) is a closed subset of S˜ .
(iii) If T˜ is a closed subset of S˜ , then ϕ−1(T˜ ) is a closed subset of S.
Proof. (i) Assume that ϕ(σs) = λsσs˜ and ϕ(σs∗ ) = λs∗σt˜ , where λs, λs∗ are positive real numbers, and
s˜, t˜ ∈ S˜ . Then ϕ(σ1) = σ1˜ implies that
λsλs∗σs˜σt˜ = ϕ(σsσs∗ ) = nsσ1˜ +
∑
r∈S\{1}
ass∗rϕ(σr).
Thus, as˜t˜1˜ = 0. So t˜ = s˜∗ , and (i) holds.
(ii) Let s˜, t˜ ∈ ϕ(T ). Then there are s, t ∈ T such that ϕ(σs) = λsσs˜ and ϕ(σt) = λtσt˜ , where λs, λt
are positive real numbers. By (i) we see that ϕ(σs∗ ) = λs∗σs˜∗ for some positive real number λs∗ . But
T is closed. So s∗t ⊆ T . Hence
λs∗λt
∑
r˜∈ S˜
as˜∗ t˜r˜σr˜ = λs∗λtσs˜∗σt˜ = ϕ(σs∗σt) =
∑
r∈T
as∗trϕ(σr).
Thus, s˜∗t˜ ⊆ ϕ(T ). Therefore, ϕ(T ) is a closed subset of S˜ .
The proof of (iii) is similar to the proof of (ii). 
The next lemma gives a suﬃcient condition under which a scheme ring isomorphism is an exact
isomorphism. This lemma will be needed in the next section.
Lemma 2.4. Let (X, S), ( X˜, S˜) be naturally valenced association schemes, T and T˜ closed subsets of S and
S˜, respectively, and ϕ : CT → CT˜ a scheme ring monomorphism. If for any s ∈ T , there is s˜ ∈ T˜ such that
ϕ(σs) = (ns/ns˜)σs˜ , then CT ∼=x C(ϕ(T )).
Proof. Let s ∈ T such that ϕ(σs) = (ns/ns˜)σs˜ for some s˜ ∈ S˜ . Then by Lemma 2.3(i), ϕ(σs∗ ) is a
scalar multiple of σs˜∗ . So ϕ(σs∗ ) = (ns∗/ns˜∗ )σs˜∗ by the assumption of the lemma. Thus, ϕ(σs∗σs) =
ϕ(σs∗ )ϕ(σs) yields that
ns∗σ1˜ +
∑
t∈T \{1}
as∗stϕ(σt) = ns∗ns
ns˜∗ns˜
(
ns˜∗σ1˜ +
∑
t˜∈ S˜\{1˜}
as˜∗ s˜t˜ σt˜
)
. (1)
But ϕ is injective. So for any t ∈ T \ {1}, ϕ(σt) is not a positive scalar multiple of σ1˜ . Thus, from (1)
we get that ns = ns˜ . Hence, for any s ∈ S , we have proved that ϕ(σs) = σs˜ for some s˜ ∈ S˜ . So
CT −→ C(ϕ(T )), σs −→ ϕ(σs)
is an exact scheme ring isomorphism. 
The next corollary is a direct consequence of Lemmas 2.2 and 2.4.
Corollary 2.5. Let (X, S) and ( X˜, S˜) be naturally valenced association schemes, and ϕ : CS → C S˜ a scheme
ring homomorphism. Let T be a ﬁnite closed subset of S such that the restriction of ϕ to CT is injective. Then
CT ∼=x C(ϕ(T )), and nT = nϕ(T ) .
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CS ∼=x C S˜ , and nS = nS˜ .
Let (X, S), ( X˜, S˜) be naturally valenced association schemes, and ϕ : CS → C S˜ a scheme ring
homomorphism. Then deﬁne
kerS (ϕ) :=
{
s ∈ S ∣∣ ϕ(σs) is a positive scalar multiple of σ1˜}.
That is, kerS (ϕ) = ϕ−1({1˜}). So kerS (ϕ) is a closed subset of S by Lemma 2.3(iii).
The next theorem is one of the main results in this section. A result similar to Theorem 2.6(i)
below was proved for table algebras in [X2, Theorem 3.1(i)]. (Also see [X3, Proposition 3.5 and The-
orem 4.1].) The author is indebted to H. Blau for pointing out a better proof of [X2, Theorem 3.1(i)],
which leads to the proof of Theorem 2.6(i) below.
Theorem 2.6. Let (X, S), ( X˜, S˜) be naturally valenced association schemes, and ϕ : CS → C S˜ a scheme ring
homomorphism. Then the following hold.
(i) kerS(ϕ) is a normal closed subset of S.
(ii) Let r, s ∈ S. Then r kerS (ϕ) = s kerS(ϕ) if and only if ϕ(σr) and ϕ(σs) are scalar multiples of the same
element in σ S˜ .
(iii) ϕ is injective if and only if kerS (ϕ) = {1}.
Proof. (i) Since kerS (ϕ) is a closed subset of S by Lemma 2.3(iii), we only need to show that for
any s ∈ S , s kerS (ϕ) = kerS (ϕ)s. Assume that ϕ(σs) = λsσs˜ for some s˜ ∈ S˜ , where λs is a positive
real number. Then we prove that ϕ−1({s˜}) = s kerS(ϕ). Let t ∈ kerS(ϕ). Then ϕ(σt) = λtσ1˜ for some
positive real number λt . Hence,
λsλtσs˜ = λtϕ(σs) = ϕ(σsσt) =
∑
r∈st
astrϕ(σr).
So st ⊆ ϕ−1({s˜}). Hence s kerS (ϕ) ⊆ ϕ−1({s˜}). On the other hand, let r ∈ ϕ−1({s˜}). Then ϕ(σr) = λrσs˜
for some positive real number λr . Since ϕ(σs∗ ) = λs∗σs˜∗ for some positive real number λs∗ by Lem-
ma 2.3(i), we see that
ϕ(σs∗σr) = λs∗λrσs˜∗ σs˜ = λs∗λr
(
ns˜∗ σ1˜ +
∑
t˜∈ S˜\{1˜}
as˜∗ s˜t˜σt˜
)
.
So there exists t ∈ kerS(ϕ) such that t ∈ s∗r. Thus, as∗rt = 0. So ar∗st∗ = 0 by [Z, Lemma 1.1.1(ii)]. But
ar∗st∗nt∗ = at∗s∗r∗nr∗ by [Z, Lemma 1.1.3(ii)]. So at∗s∗r∗ = 0. Hence astr = 0 by [Z, Lemma 1.1.1(ii)]. Thus,
r ∈ st ⊆ s kerS (ϕ). Hence, ϕ−1({s˜}) ⊆ s kerS (ϕ). Therefore, we have proved that ϕ−1({s˜}) = s kerS(ϕ).
Similarly we can prove that ϕ−1({s˜}) = kerS (ϕ)s. Hence, for any s ∈ S , s kerS (ϕ) = kerS (ϕ)s. Thus
kerS(ϕ) is a normal closed subset of S , and (i) holds.
(ii) Assume that ϕ(σs) = λsσs˜ for some s˜ ∈ S˜ and ϕ(σr) = λrσr˜ for some r˜ ∈ S˜ , where λs and λr are
positive real numbers. Then s kerS (ϕ) = ϕ−1({s˜}) and r kerS(ϕ) = ϕ−1({r˜}) by the proof of (i). Hence,
r kerS (ϕ) = s kerS (ϕ) if and only if ϕ−1({r˜}) = ϕ−1({s˜}) if and only if r˜ = s˜. So (ii) holds.
(iii) If ϕ is injective, then clearly kerS(ϕ) = {1}. Now assume that kerS (ϕ) = {1}. Let r, s ∈ S such
that r = s. Then r kerS(ϕ) = s kerS(ϕ). Hence, ϕ(σr) and ϕ(σs) are not scalar multiples of the same
element in σ S˜ by (ii). Thus, {ϕ(σs) | s ∈ S} is a linearly independent subset of C S˜ . So ϕ is injective,
and (iii) holds. 
Let (X, S) be a naturally valenced association scheme. For any ﬁnite closed subset T of S , although
we have the canonical morphism (or natural homomorphism, as called in [Z])
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by [Z, Theorem 5.3.1], we may not have a scheme ring homomorphism from CS to C(S//T ). Hanaki
proved that if S is of ﬁnite valency and T is a normal closed subset of S , then the canonical mor-
phism φ : (X, S) → (X/T , S//T ) induces a scheme ring epimorphism π : CS → C(S//T ) (see [H,
Theorem 3.4] and [Z, Lemma 9.3.3]). Xu [X1, Corollary 2.2] proved that if S is of ﬁnite valency and T
is a closed subset of S such that the canonical morphism φ : (X, S) → (X/T , S//T ) induces a scheme
ring epimorphism π : CS → C(S//T ), then T is a normal closed subset of S . More generally, we have
the following
Corollary 2.7. Let (X, S) be a naturally valenced association scheme, and T a ﬁnite closed subset of S. Then
the canonical morphism φ : (X, S) → (X/T , S//T ) induces a scheme ring epimorphism
π : CS −→ C(S//T ), σs −→ ns
nsT
σsT
if and only if T is a normal closed subset.
Proof. If T is a normal closed subset, then Zieschang’s proof of [Z, Lemma 9.3.3] also shows that π is
a scheme ring epimorphism. On the other hand, if π is a scheme ring epimorphism, then T = kerS (π)
is a normal closed subset by Theorem 2.6(i). 
Let (X, S) be a naturally valenced association scheme, and T a ﬁnite normal closed subset of S .
Then the scheme ring epimorphism π : CS → C(S//T ) in Corollary 2.7 is called the canonical epimor-
phism.
Let (X, S) be a naturally valenced association scheme, and P a nonempty ﬁnite subset of S . Then
deﬁne (σP )+ :=∑s∈P σs . Furthermore, for any p,q ∈ S , deﬁne apTq :=∑s∈T apsq (see [Z, p. 24]). The
next result generalizes Lemmas 3.1 and 3.2 of [H].
Lemma 2.8. Let (X, S) be a naturally valenced association scheme, and T a ﬁnite closed subset of S. Then for
any s ∈ S,
σs(σT )
+ = nsnT
nsT
(σsT )
+.
Furthermore, asT s = nsnT /nsT .
Proof. For any p ∈ sT , asT s = asTp by [Z, Lemma 2.3.1(i)]. So
σs(σT )
+ =
∑
p∈sT
asTpσp = asT s
∑
p∈sT
σp = asT s(σsT )+.
By [Z, Lemma 1.1.3(iv)], the map ν : CS → C deﬁned by ν(σs) = ns , for any s ∈ S , is an algebra
homomorphism. Applying ν to the equation σs(σT )+ = asT s(σsT )+ , we get that asT s = nsnT /nsT . So
the lemma holds. 
The next theorem is our last main result of this section.
Theorem 2.9. Let (X, S) and ( X˜, S˜) be naturally valenced association schemes, and ϕ : CS → C S˜ a scheme
ring homomorphism. If kerS(ϕ) is a ﬁnite subset of S, then ϕ induces a scheme ring monomorphism
ϕ˜ : C(S//kerS (ϕ))−→ C S˜
1020 B. Xu / Journal of Algebra 322 (2009) 1013–1028such that ϕ = ϕ˜π , where π : CS → C(S//kerS(ϕ)) is the canonical epimorphism. In particular,
C(S//kerS(ϕ)) ∼=s C(ϕ(S)).
Proof. Let T := kerS(ϕ). Then T is a normal closed subset of S by Theorem 2.6(i). In the following
we ﬁrst prove that the map
ϕ˜ : C(S//kerS (ϕ))−→ C S˜
deﬁned by
ϕ˜(σsT ) =
nsT
ns
ϕ(σs), ∀s ∈ S (2)
is well deﬁned. Since T is a ﬁnite closed subset of S , for any t ∈ T , ϕ(σt) = ntσ1˜ by Lemma 2.2. But
T is normal. So for any s ∈ S , sT = T s and [Z, Lemma 4.1.3(iii)] yield that nsT = n−1T nT sT = n−1T nsT .
Hence from Lemma 2.8, we see that σs(σT )+ = (ns/nsT )(σsT )+ , for any s ∈ S . Thus, applying ϕ to the
equation σs(σT )+ = (ns/nsT )(σsT )+ , we get that
nTϕ(σs) = ns
nsT
ϕ
(
(σsT )
+). (3)
Let p,q ∈ S . Since T is normal, pT = qT if and only if pT = qT by [Z, Lemma 4.1.1]. Hence, (3) yields
that
npT
np
ϕ(σp) =
nqT
nq
ϕ(σq) if p
T = qT . (4)
Thus, ϕ˜ is well deﬁned.
Now we show that ϕ˜ is an algebra homomorphism. For any s ∈ S and any w ∈ sT , (4) yields that
ϕ(σw) = nw
nwT
nsT
ns
ϕ(σs).
So for any pT ,qT ∈ S//T , from (2) we get that
ϕ˜(σpT )ϕ˜(σqT ) =
npT
np
nqT
nq
∑
w∈S
apqwϕ(σw)
=
∑
sT ∈S//T
(
npT
np
nqT
nq
∑
w∈sT
apqwϕ(σw)
)
=
∑
sT ∈S//T
[
npT
np
nqT
nq
∑
w∈sT
(
apqw
nw
nwT
)]
nsT
ns
ϕ(σs). (5)
Note that for any s ∈ S , asT s = ns/nsT by Lemma 2.8. So for any pT ,qT , sT ∈ S//T , Theorem 4.1.3(ii)
and Lemma 2.5.4(iii) of [Z], and Lemma 2.8 yield that
apT qT sT = n−1T
∑
u∈pT
∑
v∈qT
auvs =
npT
np
nqT
nq
∑
w∈sT
(
apqw
nw
nwT
)
.
So from (5) we see that
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∑
sT ∈S//T
apT qT sT ϕ˜(σsT ) = ϕ˜(σpT σqT ).
Thus, ϕ˜ is an algebra homomorphism.
Clearly ϕ˜ is a scheme ring homomorphism. Furthermore, for any s ∈ S , sT ∈ kerS//T (ϕ˜) if and
only if s ∈ kerS (ϕ) by (2). So kerS//T (ϕ˜) = {1T }. Hence ϕ˜ is a scheme ring monomorphism. Clearly
ϕ = ϕ˜π . 
Let (X, S) and ( X˜, S˜) be naturally valenced association schemes, and ϕ : CS → C S˜ a scheme ring
homomorphism such that kerS (ϕ) is a ﬁnite subset of S. Then we say that the scheme ring monomor-
phism ϕ˜ : C(S//kerS (ϕ)) → C S˜ in Theorem 2.9 is induced by ϕ .
3. Morphisms that induce scheme ring homomorphisms
In this section we will prove Theorem 1.4 and Corollary 1.5. We will also present a few other
corollaries of Theorem 1.4. Let us prove a few lemmas ﬁrst.
Let φ : (X, S) → ( X˜, S˜) be a morphism of naturally valenced association schemes. Then the restric-
tion of φ to X is denoted by φX , and the restriction of φ to S is denoted by φS . Let T = kerφ. If T is
a ﬁnite subset of S , then from [Z, Lemmas 5.1.5 and 5.1.4(i)],
φ¯ : (X/T , S//T ) −→ ( X˜, S˜), xT −→ φ(x), sT −→ φ(s)
is a morphism, called the morphism induced by φ. Note that φ¯X/T is injective by [Z, Lemma 5.1.4(i)].
However, φ¯S//T may not be injective. (See Example 3.11 below for such an example.) A suﬃcient
condition under which φ¯S//T is injective is given in the next lemma. If φ induces a scheme ring
homomorphism ϕ : CS → C S˜ , then we will prove that φ¯S//T is injective (see Corollary 3.4(i) below).
Lemma 3.1. Let φ : (X, S) → ( X˜, S˜) be a morphism of naturally valenced association schemes such that kerφ
is a ﬁnite subset of S. Let T = kerφ . Then the following hold.
(i) For any p,q, r ∈ S, aφ(p)φ(q)φ(r)  apT qT rT .
(ii) For any s ∈ S, nφ(s)  nsT .
(iii) If nsT = nφ(s) for all s ∈ S, then φ¯S//T is injective.
Proof. Let us ﬁrst assume that φX is injective. Let p,q, r ∈ S . Let y, z ∈ X with (y, z) ∈ r. Then
(φ(y),φ(z)) ∈ φ(r). Furthermore, for any x ∈ X such that (y, x) ∈ p and (x, z) ∈ q, we see that
(φ(y),φ(x)) ∈ φ(p), and (φ(x),φ(z)) ∈ φ(q). But φX is injective. So φ induces an injective map
{
x ∈ X ∣∣ (y, x) ∈ p and (x, z) ∈ q}−→ {x˜ ∈ X˜ ∣∣ (φ(y), x˜) ∈ φ(p) and (x˜, φ(z)) ∈ φ(q)},
x −→ φ(x).
Thus, we have that
apqr  aφ(p)φ(q)φ(r).
So (i) holds. In particular, for any p ∈ S , since φ(p∗) = φ(p)∗ , (i) yields that app∗1  aφ(p)φ(p)∗1. That
is,
np  nφ(p), for any p ∈ S.
So (ii) holds. For any s˜ ∈ S˜ , let φ−1( s˜ ) = {s ∈ S | φ(s) = s˜}. Fix x ∈ X . For any s ∈ S , let
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{
φ(y) ∈ X˜ ∣∣ y ∈ X and (φ(x),φ(y)) ∈ φ(s)},
and
Us =
{
y ∈ X ∣∣ (x, y) ∈ u for some u ∈ φ−1(φ(s))}.
Then φ(Us) = Vs . Since φX is injective, |Us| = |Vs|. So
nφ(s)  |Vs| = |Us| =
∑
u∈φ−1(φ(s))
nu . (6)
Since φX injective implies that T = {1}, the hypothesis of (iii) yields that ns = nφ(s) , for all s ∈ S . Since
s ∈ φ−1(φ(s)), (6) then forces that φ−1(φ(s)) = {s}, for all s ∈ S . Hence φS is injective, and (iii) holds.
Now assume that φ is an arbitrary morphism. Since T is a ﬁnite closed subset of S , φ induces a
morphism φ¯ : (X/T , S//T ) → ( X˜, S˜) such that φ¯X/T is injective. Note that for any s ∈ S , φ(s) = φ¯(sT ).
Applying what we have just proved to φ¯, we see that (i), (ii), and (iii) hold. 
Let φ : (X, S) → ( X˜, S˜) be a morphism of naturally valenced association schemes such that
kerφ = {1}. Example 3.11 below says that φ may not be a monomorphism. But if for all s ∈ S ,
ns = nφ(s) , then φ is a monomorphism by Lemma 3.1(iii).
The next corollary is an immediate consequence of Lemma 3.1(ii), (iii).
Corollary 3.2. Let φ : (X, S) → ( X˜, S˜) be a morphism of naturally valenced association schemes, where S is
assumed to have ﬁnite valency. Let T = kerφ . Then the following hold.
(i) If φ¯S//T is injective, then nS/nT  nφ(S) .
(ii) The conditions that φ¯S//T is injective and nS/nT = nφ(S) both hold if and only if nφ(s) = nsT for any s ∈ S.
Proof. For any p,q ∈ S , if pT = qT , then φ(p) = φ(q) by [Z, Lemma 5.1.4(ii)]. Hence by Lemma 3.1(ii)
and [Z, Theorem 4.1.3(iii)],
∑
sT ∈S//T
nφ(s) 
∑
sT ∈S//T
nsT = nS//T = nS/nT . (7)
If φ¯S//T is injective, then for any p,q ∈ S such that φ(p) = φ(q), we have pT = qT . Thus,
∑
sT ∈S//T
nφ(s) = nφ(S) ⇔ φ¯S//T is injective. (8)
So (i) follows from (7) and (8). If φ¯S//T is injective and nφ(S) = nS/nT , then (7), (8), and Lemma 3.1(ii)
imply that nφ(s) = nsT for all s ∈ S . This proves one direction of (ii). Conversely, if nsT = nφ(s) for all
s ∈ S , then φ¯S//T is injective by Lemma 3.1(iii). Thus, (7) and (8) imply that nφ(S) = nS/nT . So (ii)
holds. 
Let φ : (X, S) → ( X˜, S˜) be a morphism of naturally valenced association schemes such that S has
ﬁnite valency and nφ(S) = nS/nT , where T = kerφ. Example 3.11 below indicates that φ¯S//T may not
be injective, and nsT may not equal nφ(s) for some s ∈ S .
Let φ : (X, S) → ( X˜, S˜) be a morphism of naturally valenced association schemes. If φ induces a
scheme ring homomorphism ϕ : CS → C S˜ , then
kerS (ϕ) = kerφ and ϕ(S) = φ(S). (9)
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is a ﬁnite subset of S. Assume that φ induces a scheme ring homomorphism ϕ : CS → C S˜ . Let T = kerφ . Then
the following hold.
(i) T = kerS (ϕ) is a ﬁnite normal closed subset of S.
(ii) Let ϕ˜ : C(S//kerS (ϕ)) → C S˜ be the scheme ring monomorphism induced by ϕ (see Theorem 2.9), and
let φ¯ : (X/T , S//T ) → ( X˜, S˜) be the morphism induced by φ . Then φ¯ induces ϕ˜ .
(iii) For any s ∈ S, nφ(s) = nsT .
Proof. (i) T = kerS (ϕ) by (9), and T is a normal closed subset of S by Theorem 2.6(i).
(ii) Since ϕ is induced by φ, for any s ∈ S , ϕ(σs) = (ns/nφ(s))σφ(s) by Deﬁnition 1.2. Hence, for any
sT ∈ S//T , since ϕ˜ is induced by ϕ , from the proof of Theorem 2.9, we have that
ϕ˜(σsT ) =
nsT
ns
ϕ(σs) = nsT
nφ(s)
σφ(s).
Note that for any sT ∈ S//T , φ¯(sT ) = φ(s). So ϕ˜ is also induced by φ¯, and (ii) holds.
(iii) Since ϕ˜ is injective, and for any sT ∈ S//T , ϕ˜(σsT ) = (nsT /nφ(s))σφ(s) by (ii), from the proof of
Lemma 2.4, we must have that nsT = nφ(s) , for any s ∈ S . So (iii) holds. 
The next corollary is a direct consequence of Lemmas 3.1(iii) and 3.3(iii).
Corollary 3.4. Let φ : (X, S) → ( X˜, S˜) be a morphism of naturally valenced association schemes such that
kerφ is a ﬁnite subset of S. Assume that φ induces a scheme ring homomorphism ϕ : CS → C S˜ . Let φ¯ :
(X/kerφ, S//kerφ) → ( X˜, S˜) be the morphism induced by φ . Then the following hold.
(i) φ¯ is a monomorphism.
(ii) φ is a monomorphism if and only if kerφ = {1}.
Proof. (i) Let T = kerφ. By [Z, Lemma 5.1.4(i)], φ¯X/T is injective. But for any s ∈ S , nsT = nφ(s) by
Lemma 3.3(iii). So φ¯S//T is also injective by Lemma 3.1(iii). Hence, φ¯ is injective, and (i) holds.
(ii) If kerφ = {1}, then φ = φ¯, and hence φ is injective by (i). On the other hand, if φ is injective,
then φS is injective, and hence kerφ = {1}. So (ii) holds. 
Let φ : (X, S) → ( X˜, S˜) be a morphism of naturally valenced association schemes such that φS is
surjective. By Example 3.10 below, φ may not be surjective. But if kerφ is a ﬁnite subset of S , and φ
induces a scheme ring homomorphism ϕ : CS → C S˜ , then φ is surjective by the next lemma.
Lemma 3.5. Let φ : (X, S) → ( X˜, S˜) be a morphism of naturally valenced association schemes such that kerφ
is a ﬁnite subset of S. Assume that φ induces a scheme ring homomorphism ϕ : CS → C S˜ . Then the following
hold.
(i) φ(S) is a closed subset of S˜ .
(ii) φ is injective (surjective, bijective, resp.) if and only if ϕ is injective (surjective, bijective, resp.).
Proof. (i) Since ϕ(S) is a closed subset of S˜ by Lemma 2.3(ii), φ(S) is a closed subset of S˜ by (9). So
(i) holds.
(ii) Note that ϕ is injective if and only if kerS (ϕ) = {1} by Theorem 2.6(iii). Since φ induces
the scheme ring homomorphism ϕ , φ is injective if and only if kerφ = {1} by Corollary 3.4(ii). But
kerS (ϕ) = kerφ by (9). Thus, φ is injective if and only if ϕ is injective.
If φ is surjective, then clearly ϕ is also surjective. Now assume that ϕ is surjective. Then we show
that φ is also surjective. Clearly φS , the restriction of φ to S , is surjective. It remains to show that φX ,
the restriction of φ to X , is surjective. Let φ¯ : (X/T , S//T ) → ( X˜, S˜) be the morphism induced by φ.
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and X˜ = φ¯(xT )˜S . For any sT ∈ S//T , let (xT )sT := {yT ∈ X/T | (xT , yT ) ∈ sT }, and φ¯(xT )φ¯(sT ) :=
{ y˜ ∈ X˜ | (φ¯(xT ), y˜) ∈ φ¯(sT )}. Since φ¯ is injective by Corollary 3.4(i), φ¯ induces an injective map
φ¯(xT )sT : (xT )s
T −→ φ¯(xT )φ¯(sT ), yT −→ φ¯(yT ).
Recall that the cardinality of the set (xT )sT is nsT , and the cardinality of the set φ¯(xT )φ¯(s
T ) is nφ(s) .
But nsT = nφ(s) (< ∞) by Lemma 3.3(iii). So φ¯(xT )sT is also surjective. Since φS is surjective, φ¯S//T is
also surjective. So
X˜ =
⋃
sT ∈S//T
(
φ¯(xT )φ¯
(
sT
))
.
Thus, φ¯X/T must be surjective (in fact, it is bijective). Hence φX is surjective. Thus, we have proved
that φ is surjective if and only if ϕ is surjective. So (ii) holds. 
Now we are ready to prove Theorem 1.4.
Proof of Theorem 1.4. If φ induces a scheme ring homomorphism ϕ : CS → C S˜ , then (i) and (ii)
hold by Lemma 3.3. Now assume that (i) and (ii) hold. Then we prove that φ induces a scheme ring
homomorphism ϕ : CS → C S˜ .
Let us ﬁrst assume that φ is injective. Then kerφ = {1}, and hence the condition (ii) yields that
np = nφ(p), ∀p ∈ S. (10)
For any p,q ∈ S , φ(pq) ⊆ φ(p)φ(q) by [Z, Lemma 5.1.1]. So
σφ(p)σφ(q) =
∑
r∈pq
aφ(p)φ(q)φ(r)σφ(r) +
∑
s˜∈φ(p)φ(q)\φ(pq)
aφ(p)φ(q)s˜σs˜.
Hence, from Lemma 3.1(i), (10), and [Z, Lemma 1.1.3(iv)],
nφ(p)nφ(q) =
∑
r∈pq
aφ(p)φ(q)φ(r)nφ(r) +
∑
s˜∈φ(p)φ(q)\φ(pq)
aφ(p)φ(q)s˜ns˜

∑
r∈pq
apqrnr +
∑
s˜∈φ(p)φ(q)\φ(pq)
aφ(p)φ(q)s˜ns˜
= npnq +
∑
s˜∈φ(p)φ(q)\φ(pq)
aφ(p)φ(q)s˜ns˜.
But nφ(p)nφ(q) = npnq by (10). So we must have that φ(pq) = φ(p)φ(q), and apqr = aφ(p)φ(q)φ(r) , ∀r ∈ S .
Therefore, if φ is injective, then φ induces a scheme ring monomorphism
ϕ : CS −→ C S˜, σs −→ σφ(s).
Now assume that φ is an arbitrary morphism. Let T := kerφ. Then by (ii) and Lemma 3.1(iii),
φ induces a monomorphism φ¯ : (X/T , S//T ) → ( X˜, S˜) such that φ¯(xT ) = φ(x) for any xT ∈ X/T ,
and φ¯(sT ) = φ(s) for any sT ∈ S//T . Thus, by what we have just proved, φ¯ induces a scheme ring
monomorphism
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Since T is a normal closed subset of S by the condition (i), by Corollary 2.7 we have a scheme
ring epimorphism π : CS → C(S//T ) such that π(σs) = (ns/nsT )σsT , for any s ∈ S . Let ϕ := ϕ¯π .
Then ϕ : CS → C S˜ is a scheme ring homomorphism, and for any s ∈ S , ϕ(σs) = (ns/nsT )ϕ¯(σsT ) =
(ns/nφ(s))σφ(s) . So ϕ is the scheme ring homomorphism induced by φ. Thus, we have proved that if
the conditions (i) and (ii) hold, then φ induces a scheme ring homomorphism. This completes the
proof of the theorem. 
Theorem 1.4 has a few interesting corollaries. Let (X, S), ( X˜, S˜) be naturally valenced association
schemes, and φ : (X, S) → ( X˜, S˜) an injective morphism. Then kerφ = {1X } is a normal closed subset
of S. So by Theorem 1.4, φ induces a scheme ring monomorphism ϕ : CS → C S˜ if and only if for any
s ∈ S , ns = nφ(s) .
From Theorem 1.4 and Lemma 3.3, we have the following
Corollary 3.6. Let (X, S) and ( X˜, S˜) be naturally valenced association schemes, and φ : (X, S) → ( X˜, S˜) a
morphism such that kerφ is a ﬁnite subset of S. Let T = kerφ , and φ¯ : (X/T , S//T ) → ( X˜, S˜) the morphism
induced by φ . Then the following are equivalent.
(i) φ induces a scheme ring homomorphism ϕ : CS → C S˜ .
(ii) T is a normal closed subset of S, and φ¯ induces a scheme ring monomorphism ϕ˜ : C(S//T ) → C S˜ .
Proof. (i) implies (ii) by Lemma 3.3(i), (ii). Now we show that (ii) implies (i). For any sT ∈ S//T ,
since ϕ˜ is induced by φ¯ and φ¯(sT ) = φ(s), we see that ϕ˜(σsT ) = (nsT /nφ(s))σφ(s) . But ϕ˜ is injective.
So from the proof of Lemma 2.4, we must have that nsT = nφ(s) , for any s ∈ S . Thus, (i) holds by
Theorem 1.4. 
The next corollary is a direct consequence of Theorem 1.4 and Corollary 3.2(ii).
Corollary 3.7. Let (X, S) be an association scheme of ﬁnite valency, ( X˜, S˜) a naturally valenced association
scheme, and φ : (X, S) → ( X˜, S˜) a morphism. Let T = kerφ , and φ¯ : (X/T , S//T ) → ( X˜, S˜) be the morphism
induced by φ . Then φ induces a scheme ring homomorphism ϕ : CS → C S˜ if and only if the following two
conditions are satisﬁed.
(i) kerφ is a normal closed subset of S.
(ii) φ¯ is a monomorphism, and nφ(S) = nS/nkerφ .
An association scheme is called commutative if its scheme ring is commutative. Since any closed
subset of a commutative association scheme is normal, the next corollary follows from Theorem 1.4
directly.
Corollary 3.8. Let (X, S) and ( X˜, S˜) be naturally valenced association schemes, and φ : (X, S) → ( X˜, S˜) a
morphism such that kerφ is a ﬁnite subset of S. If S is commutative, then φ induces a scheme ring homomor-
phism ϕ : CS → C S˜ if and only if for any s ∈ S, nφ(s) = nsT , where T = kerφ .
Let (X, S) be an association scheme of ﬁnite valency, ( X˜, S˜) a naturally valenced association
scheme, and φ : (X, S) → ( X˜, S˜) a morphism. Let φ¯ : (X/kerφ, S//kerφ) → ( X˜, S˜) be the morphism
induced by φ. If S is commutative, then by Corollary 3.7, φ induces a scheme ring homomorphism
ϕ : CS → C S˜ if and only if φ¯ is a monomorphism and nφ(S) = nS/nkerφ .
Corollary 3.9. Let (X, S) and ( X˜, S˜) be naturally valenced association schemes, and φ : (X, S) → ( X˜, S˜) a
morphism such that kerφ is a ﬁnite subset of S. Let
1026 B. Xu / Journal of Algebra 322 (2009) 1013–1028φ¯ : (X/kerφ, S//kerφ) → ( X˜, S˜)
be the morphism induced by φ . If φX is surjective, then φ induces a scheme ring homomorphism ϕ : CS → C S˜
if and only if φ¯ is a monomorphism and kerφ is normal.
Proof. We only need to show that if φ¯ is a monomorphism and kerφ is normal, then φ induces a
scheme ring homomorphism ϕ : CS → C S˜ . Since φX is surjective, φ is surjective. Hence, φ¯ is also
surjective. Thus, φ¯ is an isomorphism. Therefore, for any s ∈ S , nφ(s) = nsT , where T = kerφ. So φ
induces a scheme ring homomorphism ϕ : CS → C S˜ by Theorem 1.4. 
Let (X, S) and ( X˜, S˜) be naturally valenced association schemes, and let φ : (X, S) → ( X˜, S˜) be a
morphism such that φX is surjective and kerφ is normal. Example 3.11 below says that φ may not
induce a scheme ring homomorphism ϕ : CS → C S˜ .
Finally, let us prove Corollary 1.5.
Proof of Corollary 1.5. (i) ⇒ (ii) Let φ¯ : (X/T , S//T ) → ( X˜, S˜) be the morphism induced by φ. Then
φ¯(xT ) = φ(x) for any xT ∈ X/T , and φ¯(sT ) = φ(s) for any sT ∈ S//T . By (i) and Lemma 3.1(iii), φ¯ is
a monomorphism. Thus, for any s ∈ S , nφ¯(sT ) = nφ(s) = nsT , and hence φ¯ induces a scheme ring
homomorphism ϕ : C(S//T ) → C S˜ by Theorem 1.4. So φ(S) = φ¯(S//T ) is a closed subset of S˜ by
Lemma 3.5(i).
Let x ∈ X . Then for any y ∈ X , there exists s ∈ S such that (x, y) ∈ s, and hence (φ(x),φ(y)) ∈ φ(s).
So φ(y) ∈ φ(x)φ(S). Thus, φ(X) ⊆ φ(x)φ(S). Since φ¯(X/T ) = φ(X) and φ¯(S//T ) = φ(S), φ¯ induces a
morphism
φ¯′ : (X/T , S//T ) −→ (φ(x)φ(S),φ(S)φ(x)φ(S)), yT −→ φ(y), sT −→ φ(s)φ(x)φ(S).
In the following we prove that φ¯′ is an isomorphism. The injectivity of φ¯X/T forces that φ¯′X/T is
injective. Note that for any s ∈ S , nφ(s) = nφ(s)φ(x)φ(S) by the deﬁnition of the subscheme (φ(x)φ(S),
φ(S)φ(x)φ(S)). (Also by [BI, Chapter II, Theorem 9.3, p. 137].) So for any sT ∈ S//T , nφ¯′(sT ) = nφ(s) = nsT .
Hence, φ¯′S//T is injective by Lemma 3.1(iii). Thus, φ¯′ is a monomorphism, and induces a scheme ring
homomorphism ϕ : C(S//T ) → C(φ(S)φ(x)φ(S)) by Theorem 1.4. Since the restriction of φ¯′ to S//T is
surjective, ϕ is surjective. Hence φ¯′ is surjective by Lemma 3.5(ii). Thus, φ¯′ is an isomorphism, and
for any x ∈ X ,
(X/T , S//T ) ∼= (φ(x)φ(S),φ(S)φ(x)φ(S)).
So (ii) holds.
(ii) ⇒ (i) Trivial. 
Let (X, S) be an association scheme of ﬁnite valency, ( X˜, S˜) a naturally valenced association
scheme, and φ : (X, S) → ( X˜, S˜) a morphism. Let φ¯ : (X/kerφ, S//kerφ) → ( X˜, S˜) be the morphism
induced by φ. Then by Corollaries 3.2(ii) and 1.5, φ¯ is a monomorphism and nφ(S) = nS/nkerφ if and
only if φ(S) is a closed subset of S˜ and (X/kerφ, S//kerφ) ∼= (φ(x)φ(S),φ(S)φ(x)φ(S)) for any x ∈ X .
Let φ : (X, S) → ( X˜, S˜) be a morphism of association schemes such that kerφ is a ﬁnite subset of
S and φ(S) is a closed subset of S˜ . The next example indicates that it is not necessarily true that
(X/kerφ, S//kerφ) ∼= (φ(x)φ(S),φ(S)φ(x)φ(S)) for some x ∈ X .
Example 3.10. Let X = {xi | 1 i  6}, and S := {s1 = 1X , s2, s3, s4}, where
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{
(x1, x2), (x2, x1), (x3, x5), (x4, x6), (x5, x3), (x6, x4)
}
,
s3 =
{
(x1, x3), (x1, x4), (x2, x5), (x2, x6), (x3, x1), (x3, x4),
(x4, x1), (x4, x3), (x5, x2), (x5, x6), (x6, x2), (x6, x5)
}
,
s4 = (X × X) \ (s1 ∪ s2 ∪ s3).
Then (X, S) is an association scheme.
For any group G, we know that Gτ := {gτ | g ∈ G} is a thin association scheme on G, where
gτ := {(h,k) ∈ G × G | h−1k = g}, ∀g ∈ G . In particular, let G := {g1 = 1, g2, g3, g4} be the Klein four-
group. Then the map
φ : G ∪ Gτ −→ X ∪ S, g1 −→ x1, g2 −→ x2, g3 −→ x3, g4 −→ x5,
gτi −→ si, 1 i  4
is a morphism from (G,Gτ ) to (X, S) such that kerφ = {gτ1 } and φ(Gτ ) = S . So φ(Gτ ) is a closed
subset of S. However, nφ(Gτ ) = 6 = 4= nGτ /nkerφ , and
(
G/kerφ,Gτ //kerφ
)∼= (G,Gτ ) (X, S) = (φ(gi)φ(Gτ ), φ(Gτ )φ(gi)φ(Gτ )), ∀gi ∈ G.
The next example is due to the referee. It has been cited several times in this section to clarify the
signiﬁcance of the condition nsT = nφ(s) in Theorem 1.4 and its consequences.
Example 3.11. Let (X, S) be a naturally valenced association scheme. Assume that (X, S) is not sym-
metric. That is, there exists s ∈ S such that s∗ = s. Let ( X˜, S˜) be the symmetrization of (X, S). Thus,
X˜ = X , and S˜ = {s˜ | s˜ = s∪ s∗, all s ∈ S}. It is well known that ( X˜, S˜) is a naturally valenced association
scheme. Deﬁne φ : (X, S) → ( X˜, S˜) by
φ(x) = x, for all x ∈ X; and φ(s) = s ∪ s∗, for all s ∈ S.
Then φ is a morphism, φX is bijective, φS is surjective, but φS is not injective (because φ(s) = φ(s∗)
for all s ∈ S). Thus, φ is not a monomorphism. Note that kerφ = {1}. So kerφ is a normal closed
subset of S . For any s ∈ S ,
nφ(s) =
{
ns, if s = s∗;
2ns, if s = s∗.
Let T = kerφ. Then for any s ∈ S , nsT = ns . Thus, nsT = nφ(s) for any s ∈ S such that s = s∗ . Let
φ¯ : (X/T , S//T ) → ( X˜, S˜) be the morphism induced by φ. Then φ¯ = φ, and hence φ¯ is not a monomor-
phism. If S has ﬁnite valency, then nφ(S) = nS = nS/nT . Finally, φ does not induce a scheme ring
homomorphism ϕ : CS → C S˜ , and (X, S)  ( X˜, S˜).
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